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Let f(a, b, c, d) =
√
a2 + b2 +
√
c2 + d2 −√(a+ c)2 + (b+ d)2, let (a, b, c, d)
stand for a, b, c, d ∈ Z≥0 such that ad− bc = 1. Define
F (s) =
∑
(a,b,c,d)
f(a, b, c, d)s. (1)
In other words, we consider the sum of the powers of the triangle inequality
defects for the lattice parallelograms (in the first quadrant) of area one.
We prove that F (s) converges when s > 1 and diverges at s = 1/2. (This
papers differs from its published version: Fedor Petrov showed us
how to easily prove that F (s) converges for s > 2/3 and diverges for
s ≤ 2/3, see below.) We also prove∑
(a,b,c,d)
1
(a+ c)2(b+ d)2(a+ b+ c+ d)2
= 1/3,
and show a general method to obtain such formulae. The method comes from
the consideration of the tropical analogue of the caustic curves, whose moduli
give a complete set of continuous invariants on the space of convex domains.
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1 A generalization of Archimedes’ exhaustion method
Гужем узырлэн ужасьёссэ кема ужатэмез потэм.
Кенеш сётэмзыя, со пась ди¨ся, сапег кутча, писпуэ тубе
но шундыез саникен кутыса улэ, медаз, пе, пуксьы.
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Ж¨ыны нунал гинэ чидаз.
(An excerpt from an Udmurt folklore).
A merchant desired that peasants work more.
Somebody gave him an advice: climb a tree in a fur coat and valenki,
and try to retain the sun with a pitchfork, preventing sunset.
Only half a day he withstood there.
We find this epigraph complementing the history of Easter Island: it is easy in
destroy a civilization simply trying to maximize formal parameters such as the
height of a moai, for example.
We have already described the following ideas in [5]. Here we give more
detailed and motivated exposition.
1.1 Triangles formed by tangent lines
Let p1, q1, p2, q2,∈ R, p1q2 − p2q1 = D > 0. Consider three lines given by
l1(x, y) =p1x+ q1y + cp1,q1 = 0,
l2(x, y) =p2x+ q2y + cp2,q2 = 0,
l3(x, y) =(p1 + p2)x+ (q1 + q2)y + cp1+p2,q1+q2 = 0.
Let Aij be the intersection point of i-th and j-th lines. We compute
A12 =
1
D
(cp2,q2q1 − cp1,q1q2, cp1,q1p2 − cp2,q2p1)
A13 =
1
D
(cp1+p2,q1+q2q1 − cp1,q1(q1 + q2), cp1,q1(p1 + p2)− cp1+p2,q1+q2p1)
A23 =
1
D
(cp1+p2,q1+q2q2 − cp2,q2(q1 + q2), cp2,q2(p1 + p2)− cp1+p2,q1+q2p2).
By direct computation we obtain
Lemma 1. The area of the triangle A12A13A23 is
(cp1,q1 + cp2,q2 − cp1+p2,q1+q2)2
2D
.
The lattice length of each of sides A12A23, A12A13, A13A23 with respect to the
lattice Z(p1, q1) + Z(p2, q2) is
1
D
(cp1,q1 + cp2,q2 − cp1+p2,q1+q2).
Moreover, this number is equal to the value of l1, l2, l3 at the point where all of
them are equal.
2
Recall that the lattice length of an interval I in a direction of a primitive
lattice vector (p, q) ∈ Z2 is the Euclidean length of I divided by
√
p2 + q2. If
both endpoints of I belong to Z2, then the lattice length of I is the number of
lattice points on I minus one. Define the lattice length of a curve as the sum
of the lattice lengths of its parts which are intervals with rational slope. For
example, if a curve has no such intervals, its lattice length is zero. With the
same rule we define all these notions for any Z2 lattice in R2.
1.2 Main technical theorem
Let f : [x0, x1] → R be a concave continuous non-negative function. Denote
A2 = (x0, f(x0)), A1 = (x1, f(x1)). Consider two tangent lines to the plot of
f given by P2x + Q2y + cP2,Q2 = 0 (tangent at (x0, f(x0))) and P1x + Q1y +
cP1,Q1 = 0 (tangent at (x1, f(x1))) such that P1Q2 − P2Q1 = D > 0 and
Pix+Qif(x) + cPi,Qi ≤ 0 for i = 1, 2, x ∈ [x0, x1].
Denote by S the area in between of these lines and the graph of f , see
Figure 1. Let A12 be the intersection point of these two lines. Denote by L the
sum of the lattice length of two intervals A1A12, A2A12 minus the lattice length
of the curve (x, f(x)), x0 ≤ x ≤ x1.
Let SL+(2,Z) be the submonoid of the group SL(2,Z), generated by(
1 1
0 1
)
and
(
1 0
1 1
)
.
Theorem 2. Let pairs (p1, q1), (p2, q2) runs by
(
p1 q1
p2 q2
)
∈ SL+(2,Z)·
(
P1 Q1
P2 Q2
)
.
The following equalities hold.
1
2D
∑
(cp1,q1 + cp2,q2 − cp1+p2,q1+q2)2 = S,
1
D
∑
(cp1,q1 + cp2,q2 − cp1+p2,q1+q2) = L,
where cp,q is chosen such that px + qy + cp,q = 0 is a tangent line to the
graph of f .
Proof. This theorem follows from repetitive application of Lemma 1. We start
with two tangents p1x + q1y + cp1,q1 = 0 and p2x + q2y + cp2,q2 = 0 (at points
A2, A1) and apply the lemma for (p1, q1), (p2, q2) and there sum (p1+p2, q1+q2).
Then we apply the lemma for the tangent lines at pair of points A3, A1 and at
A2, A3, etc.
1.3 Example: obtaining pi
If f(x) =
√
1− x2 and x0 = 0, x1 = 1, then the area in between of tangent lines
to the circle at (0, 1) and (1, 0) and the circle is 1− pi/4. Also, it is easy to see
3
••
•
A1
A2
A3
A12A23
A13
Figure 1: A2 = (x0, f(x0)), A1 = (x1, f(x1)), (p1, q1) = (1, 0), (p2, q2) = (0, 1)
that cp,q =
√
p2 + q2 in this case. Thus, for
f(a, b, c, d) =
√
a2 + b2 +
√
c2 + d2 −
√
(a+ c)2 + (b+ d)2
Theorem 2 gives the identities:
F (2) =
∑
f(a, b, c, d)2 = 2(1− pi/2), F (1) =
∑
f(a, b, c, d)1 = 2 (2)
where the sum runs by all a, b, c, d ∈ Z≥0 such that ad − bc = 1. The second
equality is due to the fact that the sum of the lattice lengths of two tangent
intervals A2A12, A1A12 is 2, see [5].
1.4 Example: quadratic functions
Consider the curve given by the equation y = 1−µx2 with µ > 0. For p, q ∈ Z≥0
the line px+ qy + cp,q = 0 is tangent to this curve if px+ q(1− µx2) + cp,q = 0
has a double root, i.e. its discriminant p2 + 4qµ(cp,q + q) is zero. Therefore,
cp,q = − 4q
2µ+p2
4qµ .
Then, −cp1,q1 − cp2,q2 + cp1+p2,q1+q2 in this case is equal to
4q21µ+ p
2
1
4q1µ
+
4q22µ+ p
2
2
4q2µ
− 4(q1 + q2)
2µ+ (p1 + p2)
2
4(q1 + q2)µ
,
which is, in turn,
(4q21µ+ p
2
1)q2(q1 + q2) + (4q
2
2µ+ p
2
2)q1(q1 + q2)− (4(q1 + q2)2µ+ (p1 + p2)2)q1q2
4µq1q2(q1 + q2)
=
p21q
2
2 + p
2
2q
2
1 − 2p1p2q1q2
4µq1q2(q1 + q2)
=
D2
4µq1q2(q1 + q2)
.
Then, at point ( 1√µ , 0) the equation of the tangent line at this point is
2
√
µx + y = 2. Consider the lattice generated by (2√µ, 1), (0, 1). In this case
D = 2
√
µ. Let (
p1 q1
p2 q2
)
∈ SL+(2,Z) ·
(
2
√
µ 1
0 1
)
4
Therefore∑ D3
2 · 16µ2q21q22(q1 + q2)2
+
∫ 1/√µ
0
(1− µx2) = 1
2
(
1√
µ
+
1
2
√
µ
)
,
this gives ∑ 1
4q21q
2
2(q1 + q2)
2
=
1
12
.
Therefore the dependence on µ is mysteriously eliminated! What should not
surprise us: the expression depends only on second coordinates of the vectors
(p, q) and we start with vectors (0, 1), (2√µ, 1). It is the same as to start with
vectors (1, 1), (0, 1). Therefore we can rewrite it as∑
p1,q1,p2,q2≥0
p1q2−p2q1=1
qi≥pi
1
q21q
2
2(q1 + q2)
2
=
1
3
Then, after a change of coordinates, we can write∑
p1,q1,p2,q2≥0
p1q2−p2q1=1
1
(p1 + q1)2(p2 + q2)2(p1 + q1 + p2 + q2)2
=
1
3
1.5 Example: triangle with irrational slope
Take a positive irrational α and let f(x) = α−αx and x0 = 0, x1 = 1. We start
with the graph of f and support lines x− α = 0, y − 1 = 0.
Then, we obtain the following formula
α = [α] +
∑
pn,qn
(pn − αqn)2rn,
α+ 1 = [α] +
∑
pn,qn
(pn − αqn)rn,
where r0, r1, . . . are numbers in the continued fraction for α and pnqn is the n-th
convergent to α (r0 = [α] = p0q0 , r1 = [
1
α−r0 ],
p1
q1
= r0 +
1
r1
etc).
1.6 Convergence of F
We thank Yves-Franc¸ois Petermann, Fedor Petrov and Fedor Nazarov who pro-
vided us with the ideas of this section. Denote ||a, b|| = √a2 + b2.
Lemma 3. For f = ||a, b||+ ||c, d|| − ||a+ c, b+ d||, ad− bc = 1 we have
f(a, b, c, d) =
2(||a, b||+ ||c, d||+ ||a+ c, b+ d||) · (||a, b|| · ||c, d||+ ac+ bd) .
(3)
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Proof. Indeed,
f(a, b, c, d)
(||a, b||+ ||c, d||+ ||a+ c, b+ d||) =
=
(||a, b||+ ||c, d||)2 − ||a+ c, b+ d||2 =
= 2(
√
(a2 + b2)(c2 + d2)− ac− bd),
which, in turn, after multiplication by
√
(a2 + b2)(c2 + d2)+ac+bd and accom-
panying by the fact that ad− bc = 1 gives the desired estimate.
Lemma 4. For s > 1 the series F (s) converges.
Proof. Using the symmetry f(a, b, c, d) = f(d, c, b, a) we may rewrite∑
f(a, b, c, d)s = 2
∑
||a,b||≥||c,d||
f(a, b, c, d)s − f(1, 0, 0, 1)s.
Using (3) we see that f(a, b, c, d) ≤ 1||a,b||2 .Then, for each ||a, b|| ≥ ||c, d|| the
vector (c− a, d− b) does not belong to Z2≥0, thus we can write∑
f(a, b, c, d)s ≤ 2
∑
(a,b)∈Z2≥0
1
||(a, b)||2s . (4)
Therefore, if we denote by r2(n) the number of presentation of n as the sum of
two squares of natural numbers, we obtain
∑
f(a, b, c, d)s ≤∑ r2(n)n−s which
is equal to 4ζ(s)L−4(s) (see, for example, Theorem 306 in [4]) which is a finite
number for s > 1.
Lemma 5. For s > 1 all the derivatives of F converge.
Proof. Indeed, k-th derivative of
∑
fs produces the series
∑
(log f)kfs. We
repeat all the steps in the proof of the precedent lemma and note that by (3)
we have that
1
||a, b||3 ≤ f(a, b, c, d) ≤
1
||a, b||2 ,
so multiplication by log f changes (4) by adding C log(||a, b||)k to the nominator
which has no effect on convergence.
Lemma 6. For s ≤ 1/2 the series F (s) diverges.
Proof. It is enough to prove that
∑∞
k=1 f(1, 0, k, 1)
s ≥ const ·∑ 1/k2s. Indeed,
by (3) we see that f(1, 0, k, 1) ≥ 25k·3k .
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Fedor Petrov’s comment: It is easy to prove that F (s) converges for
s > 2/3 and diverges for s ≤ 2/3. Indeed, for two vectors x = (a, b), y = (c, d)
we have that f(a, b, c, s) = f(x, y) is of order 1|x||y|2 if |x| < |y|. Therefore,
∑
f(x, y)s ∼
∑
x
1
|x|s
∞∑
k=0
1
|y0 + kx|2s sin
∼
∑
x
1
|x|s
∑
k
1
|x|2s
1
k2s
∼
∑
x
1
|x|3s ∼
∑
n
r2(n)n
− 32 s,
and the latter converges when 32s > 1 and diverges when
3
2s ≤ 1.
Remark 7. Computer experiments show that F (s) can be analytically extended
to complex s with Re s < 1/2, but we do not know how to prove it, due to quick
growth of derivatives. For example, the values of F and its seven derivatives at
s = 1/2 + 3i equal (appoximately)
−1.34− 0.88i, 34.4 + 9.8i,−839− 186i, 20653 + 3430i,−513272− 58439i,
1.2 · 107 + 8.3 · 105i,−3.2 · 108 − 6.3 · 106i, 8.2 · 109 − 1.9 · 108i.
2 Integral affine invariants of convex domains
Below we give a conceptual explanation for the described exhaustion method.
To a compact convex domain Ω we associate a tree CΩ ⊂ Ω having a canonical
structure of a rational tropical analytic curve. This curve describes Ω com-
pletely: any invariant of convex domains depends on the lengths of edges of a
corresponding curve, i.e. becomes a function of its moduli. The moduli describe
the sizes of triangles that we cut out in the exhaustion, see Figure 6. We give
general formulas for area, perimeter and lattice perimeter in terms of CΩ (sec-
tion 2.5). The summations presented in the previous section are, therefore, seen
as applications of these formulas to some simple shapes.
The tropical curve CΩ is given by the tropical series FΩ, which is the lattice
distance to ∂Ω. Its non-zero level sets Ωt = F−1Ω [t,∞) are convex polygons with
rational slopes of edges (we call them Q-polygons), we may think of these level
sets as of propagation of wave front, and CΩ becomes the tropical analog of its
caustic.
Sending Ω to Ωt, t > 0, defines the canonical evolution (see [7]) on the space
of convex domains. It pushes general convex domains to Q-polygons and, more
specifically, to Delzant polygons in case when Ω is already Delzant, see Theorem
14, or if ∂Ω has no corners, see Theorem 21.
Recall that a Q-polygon ∆ is called Delzant if for any pair of adjacent sides
primitive vectors in their directions form a basis in Z2. These polygons, up
to translations and SL(2,Z), are in one-to-one correspondence with compact
smooth symplectic toric surfaces, see [3]. To a smooth surface X one associates
∆ = µ(X), where µ : X → R2 is the moment map of the Hamiltonian torus
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action on X (see [2]). The image ∆ is a Delzant polygon and its vertices are the
images of fixed points of the torus action. The intuition behind the exhaustion
is that cutting a corner of ∆ corresponds to a symplectic blow-up of X at the
fixed point of the torus action. In particular, the exhaustion (as well as the
canonical evolution) gives a way to define a toric surface corresponding to a
general compact convex domain in the category of Hamiltonian pro-manifolds.
2.1 Tropical caustic of Delzant polygon
First we give a mechanical description of the tropical curve C∆ in the case of
Delzant polygon ∆. We are going to introduce a finite system of particles in the
polygon and, as a set, C∆ will be the trajectory traced by these particles. In
the initial position, we set a particle at every vertex of ∆ and send it towards
the interior with the velocity vector equal to the sum of the primitive vectors
spanning the sides adjacent to the vertex. Every particle moves rectilinearly
until some group of particles collides. For example, in case of ∆ equal to a
square with horizontal and vertical sides all four particles meet at the center.
Similarly, if ∆ is a Delzant triangle all three particles meet at the same time (see
Figure 2) and the tropical curve C∆ has a unique vertex at the point of collision,
i.e. the tropical curve is unbranched. We note that in both cases the polygons
correspond to Fano toric surfaces X = CP 1 × CP 1 or CP 2 with a multiple of
anti-canonical polarisation. This is true in general, C∆ is has a unique vertex if
and only if Delzant polygon ∆ is proportional to a lattice polygon with a unique
lattice point in the interior. Indeed, by putting the origin to the vertex of C∆
and rescaling ∆ by the inverse of the total time of the evolution we get such a
lattice polygon. The total time of the rescaled polygon is equal to 1 and the
initial positions of particles are opposite to their velocities.
Figure 2: Some Delzant polygons with unbranched tropical curve.
If we perform a blowup of CP 2 at one of the three fixed points of the torus
action, this corresponds to cutting a corner of its moment triangle. Note that
the size of the cut may vary which corresponds to a different choice of symplec-
tic structure on the blowup. If the integral of the new symplectic form along
the exceptional divisor is small enough, the particles corresponding to the new
corners will collide first forming a new particle with the velocity equal to the
sum of velocities of collided particles. Note that this velocity is the same as of
the particle which would be emitted from the blown-up corner. Moreover, after
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the collision the three remaining particles behave in the same way as if they
would be simply emitted from the corners of the triangle without the blowup.
In particular, they meet at the same terminal point. In this case the tropical
curve has two vertices (see Figure 3).
While the cut gets bigger, eventually all the four initial particles will be again
meeting at the same time (see Figure 2 on the right) and the curve has one vertex
which is terminal for the process. Larger cut produces trapezium in which the
particles are meeting in pairs. After the two collisions (apparently happening at
the same time and at the same altitude) two particles going horizontally towards
each other. They collide at the terminal point (see Figure 3).
• 2•
Figure 3: Different symplectic structures on a Hirzebruch surface produce dif-
ferent curves on its moment polygon. Note that the terminal point (marked by
•) of the polygons is not integral (although the polygons are lattice) and the
curve on the right has an edge of multiplicity two. The terminal point on the
left is the lower vertex and on the right it is the middle of the multiplicity two
segment. Note that in both pictures there is a pair of sides of ∆ and a pair of
edges of CΩ which are parallel (see Remark 11)
The rule of particle collision requires a minor clarification. In order to do
that, we need to introduce masses of particles which are positive integers. The
initial masses of particls are all taken to be one and set to the vertices of ∆. A
momentum of a particle is its mass times velocity and velocity is postulated to be
primitive for all existing particles. In the case when a group of particles collide
they give a new particle such that the momentum is preserved. For example, in
Figure 3 on the right we see a pair of mass two particles annihilating each other
at the terminal point of the mechanical process. The conservation of momentum
is also known as the balancing condition in tropical geometry, see Figure 4.
Lemma 8. For any Delzant polygon ∆ all the particles stay inside ∆◦ and
there exists a a unique (terminal) time at which a group of particles annihilate
(without emission of a new particle) each other at the terminal point p∆.
In particular, the trajectory of all particles C∆ is a weighted finite planar
graph with rational slopes. The one-valent vertices of C∆ are the vertices of ∆.
The weights (or multiplicities) on edges correspond to the masses of particles
tracing them. We note that the moment preservation is equivalent to the bal-
ancing condition shown on Figure 4. This turns C∆ in to a tropical curve. An
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edge of a tropical curve is called multiple if its weight is greater than two. One
can give a full description of multiple edges in the Delzant case.
1× (1, 0)
1× (0, 1)
1× (−1,−1)
2× (1, 0)
1× (−1, 1)
1× (−1,−1) 5× (−1,−1)
1× (3,−1)
2× (2, 1)
2× (−1, 2)
Figure 4: Examples of balancing condition in local pictures of tropical curves
near vertices. The notation w × (p, q) means that the corresponding edge has
the weight w and the primitive vector (p, q). The vertex on the left picture is
smooth (i.e. has multiplicity one), the vertices in the middle and right pictures
are not smooth having multiplicities two and forty, see Figure 5
i
j
i
j
•
•
•
•
•
•
•
Figure 5: Polygons dual to local models of tropical curves on Figure 4. A dual
polygon is defined up to a translation, its lattice points (i, j) correspond to the
monomials ix+ jy+aij (in some polynomial defining a curve) which contribute
to the value of the tropical polynomial at the vertex. Note that we need to
reverse coordinate axes because of the “inf” (instead of more conventional here
“sup”) agreement in (7), in the definition of the tropical curve. Sides of polygons
are orthogonal to the edges of curves. Moreover an integral length of a side,
computed as one plus the number of lattice points in its interior, is the weight
of the corresponding dual edge. The areas of the polygons are 1/2, 1 and 20,
thus the multiplicities of the dual edges are 1, 2 and 40.
Proposition 9. If the terminal point p∆ is a vertex of C∆ for Delzant polygon
∆ then C∆ has no multiple edges. If the terminal point is not a vertex then it
belongs to the middle of the last edge last∆ appearing in the building of C∆, the
last edge last∆ has multiplicity 2 and it is the only multiple edge of C∆. The
vertices that are not p∆ or ends of last∆ are 3-valent and smooth (see Figures
4 and 5).
The curve C∆ contains a lot of geometric information. At the most basic
level we have.
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sv2
v1
v1 + v2
w2 = v1
w1 = v2
Figure 6: Two particles collide, trajectories form a Delzant triangle with the
side s, emanating a new one with velocity v1 + v2. We will show that two sides
of the polygon are parallel to the trajectories of the particles, if they collide. We
can move s towards the intersection of the sides. This corresponds to blowdown
on the right. Note that blowing up gives a simple branching of the tropical
curve.
Proposition 10. Consider a compact smooth symplectic toric manifold X and
an irreducible boundary divisor D. Then to this divisor one associates a side
s = µ(D) of the Delzant polygon ∆ = µ(X). Let s1 and s2 be the edges of C∆
coming out of the ends of s. Then s together with continuations of s1 and s2
form a Delzant triangle iff the self-intersection of D in X is −1.
Proof. In the case when D is the exceptional divisor, the only possible configu-
ration is shown on the Figure 6.
On the other hand, we note that all Delzant triangles are the same up to
SL(2,Z), rescaling and translations. Therefore, if v1 and v2 are the velocities
of the particles sent from the ends of s ⊂ ∂∆ then s is parallel to v1 − v2 (see
Figure 6 on the left). If we denote by w1 and w2 the primitive vectors in the
directions of sides adjacent to s then by the construction v1 = w1 + (v1 − v2)
and v2 = w2 + (v2 − v1). Thus, w1 = v2 and w2 = v1 and the prolongations
of sides intersect at a point p0. Denote by ∆˜ the convex hull of ∆ and p0. In
this case X is realized as a symplectic blow-up of a manifold with the moment
polygon ∆˜ and D is the exceptional divisor.
If the conditions of Proposition 10 are satisfied, we call the side s removable.
Removing a side is opposite to cutting a corner.
Remark 11. A more visual criterium for the removability of D is that the sides
adjacent to s are parallel to the two edges of C∆ adjacent to s in the reversed
order (as on the Figures 3 and 6).
By Proposition 9, unless C∆ has only one vertex or it has only two vertices
belonging to the ends of last∆ (and in this cases we call C∆ unbranched), there
exist a side s such that the particles sent from the ends of this side meet in a
non-terminal vertex, such s satisfies conditions of Proposition 10. In this case
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we can easily relate C∆ and the curve corresponding to ∆ with s blown down
(see Figure 6).
One may notice that in the cases when ∆ is a lattice polygon, C∆ passes
through the vertices of ∆′ = ConvexHull(∆◦ ∩Z2). Iterating the process we get
a sequence of polygons ∆,∆′,∆′′, . . . And we can think of a function F∆ on ∆
whose level sets are ∂∆, ∂∆′, ∂∆′′, . . . for the levels 0, 1, 2, . . . This function F∆
will be piecewise linear and not smooth exactly along C∆, and we say that F∆
defines C∆. In general, a formal definition of F∆ can be given as follows.
Remark 12. After the first few moments, a particle sent from a vertex of ∆
stay at the same distance from the sides adjacent to that vertex.
The distance is taken in the “integral” (lattice-invariant) normalization, a
length of a lattice vector v = (x, y) is defined to be |gcd(x, y)|, this is equal to
the quotient of |v| by the length of a primitive vector parallel to v. Therefore, a
particle runs a unit of distance through the unit of time in this normalization.
In particular, if we want to compute the distance between a line with a rational
slope and a point, one applies an SL(2,Z) transformation to make the line
horizontal and the integral normalized distance between the new point and the
new line (is the same as between the old ones) is equal to the usual distance
in this case. Anyway, for a side s of ∆ denote by λs : ∆ → R≥0 the distance
function from the line prolonging s. Note that this extends to a linear function
with integral gradient on R2 supporting ∆. Define F∆ : ∆→ R≥0 by
F∆(p) = min
s
λs(p) (5)
In this formula the minimum is taken over all sides s of ∆, and we may think
of λs(x, y) = a + ix + jy as of monomial “axiyj” and of min as of summation.
Therefore, F∆ is a formal analogue of a polynomial. This mode of thinking is
casual for tropical geometry where such piece-wise linear polynomials are seen
as the limits of the usual ones.
Proposition 13. F∆ defines C∆.
The verb “defines” means that C∆ is the corner locus of F∆. Remark 12
justifies the proposition in the neighborhood of ∂∆. To extend this, we note that
F∆ is a continuous concave piecewise-linear function. Consider the maximum
m∆ of F∆ and for 0 < ε <m∆ there exist a polygon ∆ε obeying ∂∆ε = F−1∆ (ε).
The vertices of ∆ε are the positions of particles at time ε.
Theorem 14. The polygon ∆ε is Delzant for ε ∈ [0,m∆).
Note that F−1∆ (m∆) has empty interior and cannot be Delzant.
Proof. Consider the smallest time ε > 0 such that a pair of particles emitted
from the ends of a side s collide at point p. If s is removable then we can
consider ∆˜ the moment polygon of the blowdown (see Figure 6). In this case
either ∆˜ε = ∆ε if ε ≥ e0 or ∆ε is the blowup of ∆˜ε otherwise. In both cases
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∆ε is Delzant whenever ∆˜ε is Delzant, so we can use induction on the number
of sides.
We are going to prove that if s is not removable then F∆(p) = ε is equal to
the maximum m∆ = max∆ F∆. In this case for 0 ≤ δ < m∆ the polygons ∆δ
all have the same dual fan.
Consider the sides s1 and s2 of ∆ adjacent to s. There are three different
situations (see Figure 7). In the first situation the sides s1 and s2 are parallel
and we are done here by by the following Lemma.
Lemma 15. Consider a point p ∈ ∆◦ such that F∆(p) = λs1(p) = λs2(p) for a
pair of parallel sides s1 and s2. Then F∆(p) = m∆.
Proof. We note that ∆δ ⊂ ∆ is got squished (i.e. diameter is bounded and the
area goes to zero) as δ → F∆(p) since the distance between a pair of parallel
sides tends to zero. This is not possible unless F∆(p) is the maximal value.
s
s2
p
s1
s
s2
p
s1
s
s2
p
s1
Figure 7: The possible configurations of sides with respect to a pair of collided
particles. The collision happens at p to the left from the vertical side s. In
the first case the adjacent sides s1 and s2 are parallel, in the second case their
prolongations intersect to the left from s or to the right in the third case.
In the second case, the point of intersection of the prolongations of s1 and
s2 is on the same side with respect to s as the point of collision p. If we think of
F∆, its gradient ∇F∆ is well defined on the compliment to the tropical curve of
F∆. Consider a side s3 6= s1, s2, s, the gradient of it support function λs3 is the
primitive vector orthogonal to a side s3 and therefore is a positive combination
of gradients for λs1 and λs1 . In particular, p is a global maximum of F∆.
In the third case, we see that ∇λs is a positive linear combination of ∇λs1
and ∇λs2 . Also, we know that ∇λs1 ,∇λs and ∇λs2 ,∇λs give a basis in Z2.
Now, note that the convex hull of the points ∇λs1 ,∇λs2 , 0,∇λs is a four-gone
with area 1. It contains a triangle with vertices ∇λs1 ,∇λs2 , 0. (this is true since
s is getting shrunk, see Figure 8)
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ss2
p
s1
p2
p1
−∇λs
−∇λs1
−∇λs2
0
Figure 8: The third type of collision and its local dual picture. Note that ∇λs
doesn’t belong to the triangle spaned by ∇λs1 , ∇λs2 and 0 because a segment
[p, pi], i = 1, 2, is orthogonal to the vector ∇λsi −∇λsi and p ∈ ∆.
Therefore, this lattice triangle has the minimal possible area 12 and s must
be removable since
∇λs = ∇λs2 +∇λs2 . (6)
Summarizing the proof above, we saw that only the right configuration on
Figure 7 can give a collision at a non-terminal point. In fact, exactly two
particles can meet at a non-maximal point.
Lemma 16. If when passing from ∆ to ∆ε two sides collapse at the same vertex
p of C∆ then F∆(p) = m∆.
Proof. Supposing p is not maximal, note that for both contracting sides we have
a situation described on Figure 8. Also, note that we can assume that these sides
are adjacent. Now we apply SL(2,Z) transformation to make the contracting
sides horizontal and vertical. In terms of Figure 8 we have fixed the slopes of
s and s2 which are contracting now. There is only one position (on the dual
picture) where we can add −∇λs3 for s3 adjacent to s2, i.e. (as in the end of
the proof of Theorem 14) ∇λs2 = ∇λs + ∇λs3 . Therefore, s1 is parallel to s3
and we arrive to a contradiction with Lemma 15.
Proof of Proposition 13. We use induction on time. Consider again the first
time of a collision ε. By Remark 12, C∆ coincides with the curve given by F∆ in
∆\∆ε. And this is enough for the proof if ε = m∆. Otherwise, by Theorem 14
we can run the particle process for C∆ε . On the other hand, by Lemma 16 and
equation (6) there is only one local model for a non-maximal collision shown
on Figure 6 wich guaranties that the processes for ∆ after the time ε and the
process for ∆ε are the same.
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The representation of C∆ as a curve of F∆ makes Proposition 9 and Lemma
8 evident. Indeed, the last edge last∆ becomes just F−1∆ (m∆) and for a point
p ∈ C∆ the value F∆(p) is the time at which p is riched by a particle (or a group
of particles if p is a vertex). There are no multiple edges except for the maximal
edge last∆ since a non-maximal collision has a unique model shown on Figure
6. Finally, note that the last edge has multiplicity two since it appears as a
limit of a collapsing polygon ∆ε with a pair of parallel sides and the gradients
of the support functions of these sides are primitive and opposite.
2.2 Tropical series of convex domain
The formula (5) works in a greater generality. For a compact convex domain
Ω ⊂ R2 define a function FΩ : Ω→ R
FΩ(z) = inf
v∈Z2
(αv + v · z), (7)
where a number αv for a vector v ∈ Z2\{(0, 0)} is given by
αv = −min
z∈Ω
z · v. (8)
Remark 17. In fact, F (z) equals to the minimal normalized distance from z
to Ω in the following sense: for each primitive lattice vector (p, q) we measure
the distance between z and the support line for Ω, corresponding to (p, q) and
multiply this distance by
√
p2 + q2. Then, F (z) is equal to the minimal among
all these numbers when (p, q) runs over all primitive lattice vectors.
We call FΩ the tropical series of Ω. The terminology comes from the fact
that if in (7) we replace inf with
∑
, summation with multiplication and the
scalar product with an exp we would get something of the shape
∑
αvz
v which
is a Laurent power series in two variables. Such a shift in arithmetics is custom
for tropical geometry [1]. Following the analogy with analysis, we can say that
Ω is the domain of convergence for the series representing the function FΩ.
Remark 18. If Ω is a polygon with rational slopes then only a finite number of
monomials contribute to FΩ, i.e. it can be represented by a tropical polynomial
minv∈A(av + z · v) for a finite subset A in Z2\{(0, 0)}.
To visualize FΩ we look on its corner locus CΩ ⊂ Ω, i.e. the locus where FΩ is
not locally smooth. As a set, CΩ is formed by a locally-finite union of segments
with rational slopes, moreover, it has a natural structure of tropical analytic
curve [6, 1]. Note that FΩ is linear on every face (i.e. on a connected component
of Ω\CΩ), and every edge of CΩ has a prescribed multiplicity identified with the
integral normalized length of the vector connecting v1 and v2, where vj · p+ aj
represent the restrictions of FΩ(p) to the faces adjacent to the edge. With this
multiplicities we have the balancing condition on slopes satisfied at every vertex
(see Figure 4). To every vertex p we associate a lattice polygon spanned by
the monomials contributing at the vertex and µ(p) ∈ Z, the multiplicity of the
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vertex p is defined to be twice the area of this dual polygon, see Figure 5 for a
more detailed explanation.
By definition, a vertex (or an edge) is called smooth if it has multiplicity one.
Remark 19. Two vertices (or one vertex if λΩ = 0) where FΩ attains its maxi-
mum are never smooth, since the origin, corresponding to the constant monomial
contributing along the maximum, is never a vertex of the dual subdivision to
CΩ. The conceptual reason is that CΩ can be viewed as an elliptic curve and its
genus is contracted to the maximal segment (or vertex). In particular, CΩ ∩Ω◦
has no loops except for this hidden one, and thus is a tree.
Proposition 20 ([6]). FΩ is a non-negative continuous concave piecewise-linear
function. The level set F−1Ω (ε) is ∂Ω for ε = 0, a segment with rational slope or
a point for ε = mΩ, and a Q-polygon for intermediate values.
Therefore, we can speak of a canonical approximation by polygons for an
arbitrary convex domain. Moreover, we have the following.
Theorem 21. If ∂Ω has no corners then the intermediate level sets of FΩ are
Delzant polygons.
Proof. For a general Ω the curve CΩ is supported on a tree for mΩ >  > 0,
where mΩ denotes the maximal value of FΩ. Therefore, Ω is not Delzant if
and only if CΩ has a non-maximal multiple edge. In particular, there exist at
least three monomials of FΩ contributing along such edge. Their corresponding
supporting lines intersect along a corner of ∂Ω.
Note that, although it is less instructive, this short proof works for Theorem
14 as well. We prefer to keep the longer proof in section 2.1 since its longer
surrounding narrative serves as a friendly introduction to tropical curves.
We would like to capture a type of singularity along the segment F−1Ω (mΩ).
Denote by δΩ the seed of the tree CΩ, defined as the union of dual polygons to
the ends of the maximal segment, see Figure 9. Note that the segment can be
degenerate, in this case δΩ is just the (convex) lattice polygon dual to the vertex
p where the maximum is attained. The following proposition is straightforward.
Proposition 22. The origin is the only lattice point in the interior of δΩ.
The space of all convex domains is therefore stratified with respect to the
type of singularity of CΩ along the maximum of FΩ. The strata are enumerated
by different seeds δΩ. Each stratum is parametrized by the lattice lengths of
edges of CΩ.
Remark 23. The seed δΩ and the moduli of CΩ determine Ω up to parallel
translations.
We can interpret the statement of Remark 23 as an identification of the
space of convex domains with a certain moduli space of infinetly punctured
tropical curves. Practically, this means that the lengths of the edges in CΩ
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Figure 9: Examples of Ω with CΩ inside. The corresponding seeds δΩ are shown
in the second row. Note that the right one is not convex, so the multiplicity
two (thick) edge F−1Ω (mΩ) has always non-zero length for domains with such a
seed.
are the complete coordinates for Ω, and therefore its invariants, such as lattice
perimeter or area, have to be expressible in terms of these coordinates. The
formula (2) is a manifestation of the principle in the case of Ω equal to a disk.
Remark 24. If p1 and p2 are adjacent vertices of CΩ such that FΩ(p1) < mΩ
then
LengthZ[p1, p2] = |FΩ(p1)− FΩ(p2)|,
where [p1, p2] denotes the segment of CΩ connecting the vertices.
2.3 Tropical series of the unit disk
This section gives one more explanation of the Example 1.3. Let Ω be the unit
disk {x2 + y2 ≤ 1}. Applying equations (8) and (7), F is given by
F (z) = min
v∈Z2
(v · z + |v|).
The graph of F and its corner locus C are shown on the Figure 10. Notice
that only four tropical monomials contribute to F at the origin. These are
1 + x, 1− x, 1 + y, 1− y and the maximum of F is 1. The monomials give an X
part of C near the origin where the maximum is taken.
Clearly, C is a tree and, apart from the origin, all the vertices of C are
trivalent. Starting from the origin, the tree goes in four directions and stratas
branching infinitely many times. A branching gives a vertex and the third
monomial adjacent to the new vertex is chosen in a systematic manner shown
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Figure 10: A plot of the series FΩ and its tropical analytic curve CΩ for Ω a
disk.
in the Figure 11. Each such vertex z(v1, v2) is adjacent to the three regions in
the complement to C and on these regions F is represented by the monomials
|v1|+z ·v1, |v2|+z ·v2 and |v1+v2|+z ·(v1+v2), where v1 and v2 are vectors from
the same quadrant in R2 forming the basis of Z2. The value of F at z(v1, v2) is
given by
F (z(v1, v2)) = |v1|+ |v2| − |v1 + v2| (9)
which is exactly the error to the triangular inequality for the primitive triangle
formed by vectors v1, v2, v1 + v2. The only multiple vertex of CΩ is the origin,
where the maximum mΩ = 1 is attained and the multiplicity is equal to 4 since
δΩ is a union of 4 triangles with area 1/2.
2.4 Lattice, Euclidean and symplectic perimeter: conser-
vation laws
While cutting the corners of a polygon (going from right to left on Figure 6) one
can observe that certain quantities are preserved. Most significantly we have
LengthZ ∂Ω + LengthZ CΩ = 12mΩ + 4 LengthZ F
−1
Ω (mΩ).
There is a similar and simpler identity for the symplectic length ([8, 6])
Lengths ∂Ω− Lengths CΩ = 0.
It follows from the deformation invariance of the symplectic length and from
the fact that CΩ can be deformed on ∂Ω. In the case when Ω is a Q-polygon it
is finite and furthermore the numbers of vertices of CΩ and of ∂Ω coincide if we
count them with multiplicities.
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v1 + v2
v2
v1
Figure 11: On the left: branching pattern for the tropical curve at the vertex
z(v1, v2), the arrow denotes the direction towards the boundary. The vectors
v1, v2, v1+v2 are the values of the gradient of F in the complement to C, its edges
are orthogonal to v1 − v2, v1 and v2. On the right: a schematic picture for two
more branchings of C, the vertices are z(v1, v2), z(v1, v1 +v2) and z(v1 +v2, v2).
The parallel segments of the drawing represent parallel edges of C. Compare
this with Figures 6 and 10.
2.5 Universal formulas
For (v1v2) ∈ SL(2,Z) define f(v1v2) to be equal to FΩ(z(v1, v2)) if there exists
a vertex z(v1, v2) of CΩ where monomials v1, v2 and v1 + v2 contribute and
f(v1v2) = 0 if such a vertex doesn’t exist. Denote by Ωˆ the minimal model of
Ω, i.e. the polygon in which Ω is inscribed with an unbranched tropical curve CΩˆ
coinciding with CΩ near their maximal edges. For example, the minimal model
of a disk is a square. Then Ω is the result of corner cuts (exhaustion), each cut
has a shape of Delzant triangle of the size f(v1v2). We have the following
LengthZ ∂Ω = LengthZ ∂Ωˆ−
∑
(v1v2)∈SL2Z
f(v1v2)
Length ∂Ω = Length ∂Ωˆ−
∑
(v1v2)∈SL2Z
f(v1v2)(|v1|+ |v2| − |v1 + v2|)
Lengths ∂Ω = Lengths ∂Ωˆ + 2
∑
(v1v2)∈SL2Z
f(v1v2)(v1 · v2)
Area Ω = Area Ωˆ− 1
2
∑
(v1v2)∈SL2Z
f2(v1v2)
∫
Ω
FΩ =
∫
Ωˆ
FΩˆ −
1
6
∑
(v1v2)∈SL2Z
f3(v1v2).
Note that in the case of the unit disk (9) the formulas for the length of ∂Ω
and for the area of Ω become identical.
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2.6 Example: disk in Lµ-norm
Consider the domain Ωµ be given by |x|µ+ |y|µ ≤ 1, for µ > 1. Note that due to
the symmetry under reflections the germ of CΩµ near the origin doesn’t depend
on µ. Therefore, all Ωµ have the same minimal model Ωˆµ = [−1, 1]2.
An easy computation shows that a quarter of the area of Ωµ is equal to
Γ2(2− ν−1)
Γ(3− 2ν−1) = 1−
1
2
∑
(|v1|ν + |v2|ν − |v1 + v2|ν)2,
where | · |ν denotes the dual norm, i.e. µ−1 + ν−1 = 1, and the sum runs over
(v1v2) ∈ SL+(2,Z).
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